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MARTIN LORENZ 

ABSTRACT. This expository article presents a unified ring theoretic approach, based on the 
theory of Frobenius algebras, to a variety of results on Hopf algebras. These include a theorem 
of S. Zhu on the degrees of irreducible representations, the so-called class equation, the de- 
termination of the semisimplicity locus of the Grothendieck ring, the spectrum of the adjoint 
class and a non-vanishing result for the adjoint character. 



Introduction 

0.1. It is a well-known fact that all finite-dimensional Hopf algebras over a field are Frobe- 
nius algebras. More generally, working over a commutative base ring R with trivial Picard 
group, any Hopf i?-algebra that is finitely generated projective over R is a Frobenius R- 
algebra ll22l . This article explores the Frobenius property, and some consequences thereof, 
for Hopf algebras and for certain algebras that are closely related to Hopf algebras without 
generally being Hopf algebras themselves: the Grothendieck ring Gq{H) of a split semisim- 
ple Hopf algebra H and the representation algebra R(H) C H*. Our principal goal is to 
quickly derive various consequences from the fact that the latter algebras are Frobenius, or 
even symmetric, thereby giving a unified ring theoretic approach to a variety of known results 
on Hopf algebras. 

0.2. The first part of this article, consisting of four sections, is entirely devoted to Frobenius 
and symmetric algebras over commutative rings; its sole purpose is to deploy the requisite 
ring theoretical tools. The content of these sections is classical over fields and the case of 
general commutative base rings is easily derived along the same lines. In the interest of 
readability, we have opted for a self-contained development. The technical core of this part 
are the construction of certain central idempotents in Propositions 0] and [5] and the description 
of the separability locus of a Frobenius algebra in Proposition [6l The essence of the latter 
proposition goes back to D. G. Higman ifTTTl . 

0.3. Applications to Hopf algebras are given in Part 2. We start by considering Hopf algebras 
that are finitely generated projective over a commutative ring. After reviewing some standard 
facts, due to Larson-S weedier [16], Pareigis [22], and Oberst-Schneider l2ll . concerning the 
Frobenius property of Hopf algebras, we spell out the content of the aforementioned Propo- 
sitions |4] and [5] in this context (Proposition [T3T>. A generalization, due to Rumynin (24), of 
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Frobenius' classical theorem on the degrees of irreducible complex representations of finite 
groups follows in a few lines from this result (Corollary [T6l). 

The second section of Part 2 focuses on semisimple Hopf algebras H over fields, specif- 
ically their Grothendieck rings Gq{H). As an application of Proposition [T5l we derive a 
result of S. Zhu ll27ll on the degrees of certain irreducible representations of H (Theorem [T8T). 
The celebrated class equation for semisimple Hopf algebras is presented as an application of 
Proposition 0] in Theorem [19] The proof given here follows the outline of our earlier proof 
in |[T8l . with a clearer separation of the purely ring theoretical underpinnings. Other appli- 
cations concern a new proof of an integrality result, originally due to Sommerhauser [26], 
for the eigenvalues of the "adjoint class" (Proposition [20b. the determination of the semisim- 
plicity locus of G${H) (Proposition [22l. and a non- vanishing result for the adjoint character 
(Proposition l23l). 

For the sake of simplicity, we have limited ourselves for the most part to base fields of 
characteristic 0. In some cases, this restriction can be removed with the aid of p-modular 
systems. For example, as has been observed by Etingof and Gelaki JSl, any bi-semisimple 
Hopf algebra over an algebraically closed field of positive characteristic, along with all its 
irreducible representations, can be lifted to characteristic 0. We plan to address this aspect 
more fully in a sequel to this article. 

In closing I wish to thank the referee for a careful reading of this article and for valuable 
comments. 

Part 1. RING THEORY 

Throughout this first part of the paper, R will denote a commutative ring and A will be an 
ii-algebra that is finitely generated projective over R. 

1. Preliminaries on Frobenius and symmetric algebras 
1.1. Definitions. 

1.1.1. Frobenius algebras. Put A v = Homji(A, R); this is an (A, A)-bimodule via 

(afb)(x) = f(bxa) (a, b,xeA,f£A v ). (1) 

The algebra A is called Frobenius if A = A w as left A-modules. This is equivalent to 
A = A y as right A-modules. Indeed, using the standard isomorphism Aa — — > (^4 vv )yi = 
Honifj(^74 v , R)a given by a h4 (/ h-» f{a)), one deduces from aA v = aA that 

A A = Rom R ( A A v ,R) A = Kom R { A A, R) A = A W A ■ (2) 

The converse is analogous. 

More precisely, any isomorphism L : aA ^> aA v has the form 

L(a) = aX (a G A) , 

where we have put A = L(l) G A y . The linear form A is called a Frobenius homomorphism. 
Tracing 1 G A through © we obtain 1 H> (aA h-> (aA)(l) = A(a)) i — >• (a. i — >• A(a)) = A. 
Hence, the resulting isomorphism R : Aa — — > A v a is explicitly given by 

R(a) = Aa (a G A) . 
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In particular, A is also a free generator of A y as right yl-module. The automorphism a G 
Aut_R_ai g (A) that is given by Xa = a(a)X for a G A is called the Nakayama automorphism. 

1.1.2. Symmetric algebras. \f A = A v as (A, A)-bimodules then the algebra A is called 
symmetric. Any (A, A)-bimodule isomorphism A = A v restricts to an isomorphism of 
Hochschild cohomology modules H°(A,A) = H°(A,A V ). Here, H°(A,A) = Z(A) is 
the center of A, and H°(A,A V ) = A^ T£LCe consists of all trace forms on A, that is, i?-linear 
forms / G A v vanishing on all Lie commutators [x, y] = xy — yx for x, y G A. Thus, if A is 
symmetric then we obtain an isomorphism of Z(yl)-modules 

Z{A) > ^trace • (3) 

1.2. Bilinear forms. 

1.2.1. Nonsingularity. Let Bil(^4; R) denote the i?-module consisting of all i?-bilinear forms 
/3 : A x A — > R. Putting rp(a) = f3(a, . ) for a G A, we obtain an isomorphism of i?-modules 

r : Bil(A; R) ^ Rom R (A, A v ) , P^r . (4) 

The bilinear form (3 is called left nonsingular if rp is an isomorphism. Inasmuch as A and A v 
are locally isomorphic projectives over R, it suffices to assume that rg is surjective; see (6) 
Cor. 4.4(a)]. 

Similarly, there is an isomorphism 

I : Bil(A; R) ^ Bom R (A, A v ) , /3 ^ l B (5) 

with i/?(a) =/?(., a), and /3 is called right nonsingular if Iq is an isomorphism. Right and left 
nonsingularity are in fact equivalent. After localization, this follows from lPl4l Prop. XIII.6.1]. 
In the following, we will therefore call such forms simply nonsingular. 

1.2.2. Dual bases. Fix a nonsingular bilinear form j3: A x A — > R. Since A is finitely 
generated projective over R, we have a canonical isomorphism Endfi(A) = A £g>^ A v ; see 
(21 II.4.2]. Thus, the isomorphism lg in © yields an isomorphism End/? (A) A <g># A. 
Writing the image of Id^ G Endn(A) as Y17=i x i ® Vi ^ A ®r A, we have 

a = (3(a, yi)xi for all a G A (6) 

i 

Conversely, assume that (3 : A x A — > R is such that there are elements {x^}", {yj}™ C ^4 
satisfying ©. Then any / G A v satisfies 

i i 

This shows that lp : A — > A v is surjective, and hence j3 is nonsingular. To summarize, a bilin- 
ear form j3 G Bil(A; R) is nonsingular if and only if there exist "dual bases" {xj}", {yi}™ C ^4 
satisfying ©. 

Note also that, for a nonsingular i?-bilinear form /3 : Ax A — > i? and elements {xj}™, {y^}™ G 
A, condition © is equivalent to 

6 = ^ /3(sj , b)yi for all 6 G A. (8) 

i 

Indeed, both © and © are equivalent to /3(a, b) = ^ P( a i Ui)^{ x ii b) for all a,b G A. 
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1.2.3. Associative bilinear forms. An i?-bilinear form (3: A x A — > R is called associa- 
tive if (3(xy,z) = (3(x,yz) for all x,y,z G A Let Bil assoc (A; R) denote the i?-submodule 
of Bil(A; R) consisting of all such forms. Under the isomorphism ((U), Bil assoc (j4; R) corre- 
sponds to the submodule Koui(Aa, A v a) ^ Hom^tA, A v ). Similarly, (f5]) yields an isomor- 
phism of i?-modules Bil assoc (A; R) = Hom(ii, aA v ). Therefore: 

The algebra A is Frobenius if and only if there exists a nonsingular associative 
ii-bilinear form f3 : A x A — > R. 

1.2.4. Symmetric forms. The form (3 is called symmetric if (3(x, y) = (3(y, x) for all x,y £ A. 
The isomorphisms r and / in (0]), (f5]) agree on the submodule consisting of all symmetric bilin- 
ear forms, and they yield an isomorphism between the i?-module consisting of all associative 
symmetric bilinear forms on A and the submodule Hom^Ah aA v a) ^ HoniR(A, A y ) 
consisting of all (A, J 4)-bimodule maps A — > A v . Thus: 

The algebra A is symmetric if and only if there exists a nonsingular associative 
symmetric i?-bilinear form f3 : A x A — > R. 

1.2.5. Change of bilinear form. Given two nonsingular forms /3, 7 G Bil assoc (A; R), we ob- 
tain an isomorphism of left Amodules l^ 1 o Z 7 : A A aA. Since this isomorphism has the 
form a (-)• an (a € A) for some unit 11 £ we see that 

7 (., .)=/?(., .«). 

If (3 and 7 are both symmetric then l^ 1 oZ 7 is an isomorphism of (A, A)-bimodules, and hence 
u S Z{A), the center of A. 

2. Characters 

Throughout this section, M will denote a left Amodule that is assumed to be finitely 
generated projective over R. For a £ A, we let au €= End_jj(M) denote the endomorphism 
given by the action of a on M: 

Q>M(jn) = am (a £ A,m £ M) . 

2.1. Trace and rank. The trace map 

Tr : End/j(M) = M ®r M v — > R ; 

it is defined via evaluation of M v = Hohir(M, R) on M; see (U II.4.3]. The image of the 
trace map complements the annihilator ann/j M = {r € i? | rm = Vm EM}: 

Im(Tr) &nn R M = R; (9) 

see Proposition 1.1.9]. The Hattori-Stallings rank of M is defined by 

rankflM = Tr(l M ) € R . 

If M is free of rank n over R then ranks M = n ■ 1. The following lemma is standard and 
easy. 
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Lemma 1. The R-algebra Endij(M) is symmetric, with nonsingular associative symmetric 
R-bilinear form Endij(M) x Endfi(M) — > R, (x,y) i-> Tr(xy) . Identifying End#(M) 
with M ®r M y and writing 1m = ^2 mi <8> fi , dual bases for this form are given by 

{xij =mi® fj} , {y itj = nij ® fi} . 

2.2. The character of M. The character of M is the trace form \M € A^ raice that is defined 
by 

Xm{o) = Ti(a M ) (a € A) . 
If e = e 2 € ^4 is an idempotent then ejv/ = l e M © 0(i-e)M' an ^ so 

XM (e) = rank/j eM . (10) 

Now assume that A is Frobenius with associative nonsingular bilinear form /3, and let 
{xj}", {yi}i C Abe dual bases for (3 as in ©. Then the preimage of xm £ ^trace — ^ V 
under the isomorphism lp : a A — — > a^4 v in © is the element 

s(Af) = ^(M) :=^2xM(xi)yi € A; (11) 

i 

see ©. So 

Xm(.) = /3(-,^(M)) . (12) 

In particular, z(M) is independent of the choice of dual bases {x^}, {y{\. 
If j3 is symmetric then z(M) £ Z(A) by ©. 

2.3. The regular character. The left regular representation of A is defined by A — > Endji(A), 
a h4 (a^ : x i-> ax). Similarly, the right regular representation is given by A — > End#(^4), 
a i — ^ (^a: x i-> xa). 

If Ais Frobenius, with associative nonsingular bilinear form (3 and dual bases {xj}™, {yi}" C 
A for /3, then equations © and ® give the following expression 

a A = 2 Xi ® /3(a . , Vi ) = ^ yi ® p( Xi , a.) e A® R A V ^ End R (A) . 

i i 

Similarly, a« = J2i %i® P(- a, yi) = J2i Hi ® • o). Taking traces, we obtain 

TY(oa) = y^^(xj, ayj) = y^f3(xja,yi) = Tv( A a) . (13) 

i i 

This trace is called the regular character of A; it will be denoted by Xreg £ Since 
Tr(cu) = Ei /S(oiCi, yj) and Tr( A a) = Yli P( x i,yi a )> we nave 

Xreg = ,s) = (3(z, .) with z = zp := ^ x,^ . (14) 

i 

Thus, the element z is associated to the regular character as in (fl2l . 

Example 2. We compute the regular character for the algebra Endj?(M) using the trace form 
and the dual bases {xij}, {yi,j} from LemmaQ] The element z in (fT4l evaluates to 

z = ^(m, (g> /j)(mj <g> /») = ^ mifj(mj) <8)fi = (rank fi M)l . 
Therefore, the regular character of End#(M) is equal to Tr( . z) = (rank# M) Tr . 
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2.4. Central characters. Assume that EncU(M) = R as ii-algebras. Then, for each x G 
2(A), we have xm = wm(x)1m with um(x) G J2. This yields an i?-algebra homomorphism 

ujm-- 2(A) ^R, 

called the central character of M. Since Tt(xm) = wm(^) Tr(ljif), we have 

Xm(x) = uj m (x) rank R M (x G Z(A)) . (15) 

Now assume that A is Frobenius with associative nonsingular bilinear form j3, and let 
z(M) = zp(M) G Abe as in CLD. Then 

x-z(M) = w M (x)z(M) (a; G 2(A)) ; (16) 

this follows from the computation /3(a, xz(M)) = j3(ax,z(M)) = Xu(ax) = ojm(x)xm(o) 
= u M (x)f3(a,z(M)) = P(a,ui M (x)z(M)) for a G A. 

If (3 is symmetric then z(M) G 2(A) and we can define the in<fec[jof M by 

[A : M] p := u> M (z(M)) G R . (17) 

2.5. Integrality. Let A be a Frobenius i?-algebra, with associative nonsingular bilinear form 
/3 and dual bases {xj}™, {j/j}™ C A. Assume that we are given a subring S Q R. An S 1 - 
subalgebra B C A will be called a weak S-form of (A, j3) if the following conditions are 
satisfied: 

(i) B is a finitely generated 5-module, and 

(ii) Y2i x i <8> y« G A ®r A belongs to the image of B ®s B in A <S)r A. 

Recall from Section [T.2.2l that the element £V Xj <g> yi only depends on f}. Note also that (ii) 
implies that BR = A. Indeed, for any a G A, the map Id a <S>/3(a, . ) : A®rA — > A®#i? = A 
sends ]TV Xj <8> to a by ©, and it sends the image of B (g>g B in A ®r A to BR. 

Lemma 3. Let Abe a symmetric R-algebra with form (3. Assume that End^(M) = R, and 
let z(M) G 2(A) be as in (|1 II) . If there exists a weak S-form of (A, f3) for some subring 
S C R, then xm( z (M)) and [A : M]g = ujm(z(M)) are integral over S . 

Proof. All b G B are integral over S by condition (i). Hence the endomorphisms bu G 
Endij(M) are integral over S, and so are their traces Xm(^)\ see Prop. 17 in [fl~l V.1.6] for the 
latter. By (ii), it follows that xm(z(M)) = J2i XM(xi)XM(yi) is integral over S. Moreover, 
the subring S' = S[xm(B)] C R is finite over S by (i). Thus, all elements of BS' C A are 
integral over S. In particular, this holds for z(M), whence ojm(z(M)) is integral over S. □ 

2.6. Idempotents. 

Proposition 4. Le? (A, j3) be a symmetric R-algebra. Let e = e 2 G A be an idempo- 
tent and assume that the A-module M = Ae satisfies End^M) = R as R-algebras. Let 
ujm '■ 2(A) —> Rbe the central character of M and let z(M) G 2(A) be as in (|lll) . Then: 

(a) [A : M]p is invertible in R, with inverse j3(e, 1). 

(b) e(M) := [A : M\Z 1 z(M) G 2(A) is an idempotent satisfying lom(^(M)) = 1 and 

xe(M) = uj M (x)e(M) (x G 2(A)) . 



The index [A : M] is also called the Schur element of M; see, e.g., [3 Lemma 4.6]. 
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(c) Let z = z/3 = Y2i XiVi € Z(A) be as in (fl4l) . Then 

a)j f (z) • rank/j M = [A : M]p ■ rank/? e(M)y4 . 

Proof. Note that eM = eAe = End A (M) = R. By (QUI), it follows that XA/(e) = rank# eM = 
1. Since xe = wjj^e for x € 2(A), we obtain 

1 = XAf(e) == P(e, z(M)) = /3(z(M)e, 1) = u M {z{M))P{e, 1) . 

This proves (a). In (b), cjjv#-(e(M)) = 1 is clear by definition of e(M), and (Q6l) gives the 
identity xe(M) = com (x)e(M) for all x S 2(A). Together, these facts imply that e(M) is 
an idempotent. Finally, the following computation proves (c): 

u M (z) rank* M =^ XM (*) == 0(z, z(Af)) ^ x reg (z(M)) 

= w M (^(M))xreg(e(M)) = co M (z(M)) vank R e(M)A . 

□ 

We now specialize the foregoing to separable algebras. For background, see DeMeyer and 
Ingraham [5]. We mention that, by a theorem of Endo and Watanabe [7, Theorem 4.2], any 
faithful separable i?-algebra is symmetric. 

Proposition 5. Assume that the algebra A is separable and that the A-module M is cyclic 
and satisfies End^(M) = R. Let e(M) € 2(A) be the idempotent in Proposition^ b). Then: 

(a) e(M)A = End R (M) and rankf? e(M)A = (r&nk R M) 2 . 

(b) Xreg e(M) = (rank/j M)xm , where x reg is the regular character of A. 

Proof. We first note that M, being assumed projective over R, is in fact projective over A 
by IS Proposition II.2.3]. Since M is cyclic, we have M = Ae with e = e 2 G A; so 
Proposition 0] applies . 

(a) It suffices to show that e(M)A = End R (M), because the rank of Endij(M) = M% 
M v equals (ranks M) 2 . Since M is finitely generated projective and faithful over R, the R- 
algebra End^(M) is Azumaya; see E Proposition II.4.1]. The Double Centralizer Theorem 
(51 Proposition II. 1.1 1 and Theorem II.4.3] and our hypothesis End^(M) = R together imply 
that the map A — > End^(M), a i-> a a/, is surjective. Letting I = ann^ M denote the 
kernel of this map, we further know by (5j Corollary II.3.7 and Theorem II.3.8] that I = 
(I n Z(A))A. Finally, Proposition H tells us that I n Z(A) is generated by 1 - e(M), which 
proves (a). 

(b) In view of the isomorphism e(M)A = End^(M), e(M)a h-> clm from part (a) and 
Example|2l we have x reg (e(M)a) = (rank# M) Tt(clm) = (rankR M)xm(o) ■ □ 

3. Separability 

The i?-algebra A is assumed to be Frobenius throughout this section. We fix a nonsingular 
associative i?-bilinear form f3: A x A — > R and dual bases {xi}™, {yi}™ C A for /3. 
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3.1. The Casimir operator. Define a map, called the Casimir operator^of (A, (3), by 

c = eg : A — > Z(A) , a t-t ytaxi . 



(18) 



In order to check that c(a) G Z(A) we calculate, for a, b G A, 



bc(a) EE^Pixj^y^yjaxi = ^yja^Xjb.yi) 



■i = c{a)b . 

(6) 




The map cis independent of the choice of dual bases {xi}, {?/«}, because J2i Xi®Vi € A®rA 
only depends on j3; see Section [T.2.21 

In case (3 is symmetric, {y{\, {x{\ are also dual bases for @, and hence 



In particular, the element z = zp in (fl4l ) arises as zp = c(l) if j3 is symmetric. We will refer 
to the element z = zp as the Casimir element^of the symmetric algebra (.A, 0)\ it depends 
on /3 only up to a central unit (see l3.2l below). 

3.2. The Casimir ideal. Since c is Z (^4) -linear, the image c(A) of the map c = cp in (fT8l) 
is an ideal of Z{A). This ideal will be called the Casimir ideal^ of A; it does not depend on 
the choice of the bilinear form (3. Indeed, recall from Section [L23] that any two nonsingular 
forms (3, 7 G Bil assoc (A; R) are related by 7( . , a) = f3( . , au) for some unit u £ A. Hence, if 
{xi}, {yi} C ^4 are dual bases for (3 then {x^}, {y^ 1 } C A are dual bases for 7. Therefore, 



If /3 and 7 are both symmetric then u € 2(^4) and so c 7 (a) = n 1 c^(a). 

3.3. The separability locus. For a given Frobenius algebra A, we will now determine the 
set of all primes p 6 Speci? such that the Q(-R/p)-algebra A ®r Q(R/p) is separable or, 
equivalently, the R p -algebra A <g)# i? p is separable [5, Theorem II.7.1]. The collection of 
these primes is called the separability locus of A. 

Proposition 6. The separability locus of a Frobenius R-algebra A is 



Proof. The case of a base field R is covered by Higman's Theorem which states that a Frobe- 
nius algebra A over a field R is separable if and only if c(A) = Z(A) or, equivalently, 
1 G c(A); see El Theorem 1] or @ 71.6]. 

Now let R be arbitrary and let p G Spec R be given. Put F = Q(R/p) and A F = A® R F. 
We know that Ap is Frobenius, with form (3 = (3 ®r Idp and corresponding dual bases {x{\, 

2 We follow the terminology of Higman's original article 1111 : the map c is called the Gaschiitz-lkeda operator 
in (4). 

%n (3), the Casimir element z is referred to as the central Casimir element, while Xi yt £ A ®r A is 
called the Casimir element. The latter element is referred to as the Frobenius element in [ 13]. 

4 The Casimir ideal c(A) of a symmetric algebra A coincides with the projective center of A in the terminology 
of (5] Prop. 3.13]. It is also called the Higman ideal of A; see 1101 . 




c 7 (a) = c/s(u a) 



(a G A) . 



Spec R \ V(c{A) DR) = {pe Spec R \ p £ c(A) n i?} . 
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{Vi}, where : A — > Ap, x = x <g> 1, denotes the canonical map. By Higman's Theorem, we 
know that Ap is separable if and only if 1 € c(Ap) = c(A)F. Thus: 

The F-algebra Ap is separable if and only if (Ap + c(A)) n R 2 p. 

If p ^ c(A) n R then clearly (Ap + c(A)) n i? 2 p, and hence is separable. Conversely, 
assume that c(A)C\R C p. Since A is integral over its center Z(A), we have c(A)AnZ(A) C 
Y^(A), the radical of the ideal c(A); see Lemma 1 in 0] V.l.l]. Therefore, c(A)A n C 
v /c(A) fl i? C p. By Going Up HU 13.8.14], there exists aprime ideal P of A with c(A)A C 
P and P n i? = p. But then (Ap + c(A)) C)RQPnR = p, and hence Ap is not separable. 
This proves the proposition. □ 

3.4. Norms. Assume that the algebra A is free of rank n over R. Then the norm of an element 
a E A is defined by 

N(a) = det a A G -R , 

where (a^: x i-> ax) G End^(A) = M n (i?) is the left regular representation of A as in 
Section O The norm map N: A -> i? satisfies iV(ah) = N(a)N(b) and iV(r) = r n for 
a, 6 G A and r £ R. Up to sign, 2V(a) is the constant term of the characteristic polynomial of 
a a- Since a satisfies this polynomial by the Cayley-Hamilton Theorem, we see that a divides 
N(a) in R[a] C A. Putting 

N(c(A)) = RN ( a ) > 

a£c(A) 

we obtain iV(c(A)) C c(A) n -R. Moreover, since N(r) = r n for r £ fi, we further conclude 
that, for any p G Spec -R, we have 

p D iV(c(A)) ^ p3 c(A) n . 

4. Additional structure: augmentations, involutions, positivity 

4.1. Augmentations and integrals. Let (A,f3) be a Frobenius algebra and suppose that A 
has an augmentation, that is, an algebra homomorphism 

e: A -> R. 

Put = r7 (e) G A, where rp is as in Section [L2t so f3(Ap, . ) = e. From ([U), we obtain 
the following expression in terms of dual bases {x^}, {yi} for /3: 

Ap = J2 £ (Vi) x i- (19) 

i 

The computation f3(Apa, .) = {3(Ap,a.) = e(a)e = e(a)f3(Ap, .) for all a G A shows 
that A^a = e(a)A^. Conversely, if t G A satisfies ia = e(a)t for all a G A then (3(t,a) = 
P(ta, 1) = e(a)l3{t, 1), whence f = /3(t, l)A j9 . We put 

= {t g A | ia = e(a)t for all a G A} 

and call the elements of JT n'g/if integrals in A. The foregoing shows that JT = i?A^. 
Moreover, rr^ 1 (e) = implies re = and hence r = 0. Thus: 

f A = RA^R. 
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Similarly, one can define the i?-module f[ of left integrals in A and show that 

f A = RA' p ^R with = <Xi) yi = lp\e) . 

Define the ideal Dim e A of R by 

Dim, A := <£) = e(f A ) = e(c(A)) = (e(z)) , (20) 

where c(A) is the Casimir ideal and z = zp € Z(A) is as in (fl4l) . Note that always c{A)C\R C 
e(c(A))', so 

c(A) n C Dim £ A . (21) 

If (3 is symmetric then rg = 1/3 and hence = A. and = Ia =: I A' ^ or further 
information on the material in this section, see lfl3l 6.1]. 

4.2. Involutions. Let A be a symmetric algebra with symmetric associative bilinear form 
/3: Ax A — >• i?. Suppose further that ^4 has an involution *, that is, an ij-linear endomorphism 
of A satisfying (xy)* = y*x* and x** = x for all x, y G A. If A is i?-free with basis {xj}™ 
satisfying 

P(xi,xj) = Sij , (22) 

then we will call A a symmetric *-algebra. The Casimir operator c = eg : A — > Z(A) takes 
the form 

c(a) = ^^x*axj = ^^Xjax* , 

i i 

and the Casimir element z = zp = c(l) is 

i i 

Lemma 7. Lef (A, f3, *) be a symmetric *-algebra. Then: 

(a) [3 is ^-invariant: /3(x,y) = j3(x* ,y*) for all x,y £ A. 

(b) The Casimir operator c is *-equivariant: c(a)* = c(a*) for all a £ A. In particular, 
z = z. 

(c) If a = a* € Z(A) then the matrix of {a a'- X i— )■ ax) € End/j(^4) vv/f/z respect to the 
R-basis {x{\ of A is symmetric. 

Proof. Part (a) follows from j3{xi,x*) = 5ij = (3(xj,x*) = f3(x*,Xj), and (b) follows from 
c p( a Y = T.( x * ax i)* = Ei x*a*Xi = cp(a*). _ 

(c) Let (cm) € M n (R) be the matrix of a^; so ax-,- = Y^i a i,j x i- We compute using 
associativity, symmetry and *-invariance of /?: 

dij = f3(x*,axj) = f3(ax*,Xj) = f3(xj,ax*) = /3(x*,axi) = djj . 

□ 
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4.3. Positivity. Let (A,/3, *) be a symmetric *-algebra with i?-basis {xj}" satisfying (1221 . 
Assume that R Q R and put R + = {r £ R \ r > 0}. If 

A + := is closed under multiplication and stable under * (24) 

i 

then we will then say that A has a positive structure and call A + the positive cone of A. 

We now consider the endomorphism (za ■ x h-> zx) E End/j(j4) for the Casimir element 
z = zp in (l23l . By Lemma|7J we know that the matrix of za with respect to the basis {x{\ is 
symmetric. The following proposition gives further information. 

Proposition 8. Let {A, f3, *) be a symmetric *-algebra over the ring R C IR, and let z = zp 
be the Casimir element. 

(a) The matrix of za with respect to the basis {xj} is symmetric and positive definite. In 
particular, all eigenvalues of za are positive real numbers that are integral over R. 

(b) If A has a positive structure and an augmentation e: A — > R satisfying e(a) > Ofor 
all ^ a E A + . Then the largest eigenvalue of za is s(z). 

Proof, (a) Let Z = (zij) be the matrix of za', so Zij = /3(x*, zxf). Extending * and j3 to 
Ar = A ®r IR by linearity, one computes for x = Y^i G A^\ 

P(M*, XIX) = 0(X*,ZX) = (&,... • • • Cnf • 

The sum on the left is positive if x ^ 0, because (3(y*,y) = ^ r/| for y = rjiXi E j4r. 
This shows that Z is positive definite. The assertion about the eigenvalues of Z is a standard 
fact about positive definite symmetric matrices over the reals. 

(b) By hypothesis on A + , the matrix of a a with respect to the basis {xj} has non-negative 
entries for any a E A + . Moreover, the Casimir element z = Yli x i x i belongs to A + , and so 
za is non-negative. Now let A = ^ e(x*)xi E f A be the integral of A that is associated to 
the augmentation e; see (fl9l) . Then A is an eigenvector for za with eigenvalue e{z). Since 
all e(x*) > 0, it follows that e(z) is in fact the largest (Frobenius-Perron) eigenvalue of za is 
dim^ H; see 13 Chapter XIII, Remark 3 on p. 63/4]. □ 

Corollary 9. If A is a symmetric ^-algebra over the ring R C IR, then the Casimir element z 
is a regular element of A. Furthermore, A <Sir Q(R) is separable. 

Proof. Regularity of z is clear from Proposition [U^a). Since z is integral over R, it follows 
that zZ(A) n R / 0. Therefore, c(A) n R ^ and Proposition [6] gives that A ® R Q(R) is 
separable. □ 



Part 2. HOPF ALGEBRAS 

Throughout this part, H will denote a finitely generated projective Hopf algebra over the 
commutative ring R (which will be assumed to be a field in Section ©, with unit u, multipli- 
cation m, counit e, comultiplication A, and antipode S. We will use the Sweedler notation 

Ah = Y J hi®h 2 . 

In addition to the bimodule action of H on H v in (Q~|), we now also have an analogous 
bimodule action of the dual algebra H v on H = H vv . In order to avoid confusion, it is 
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customary to indicate the target of the various actions by — * or <<— : 

(a^f^b,c) = (f,bca) (a,b,c<=H,f e H v ) , 

(e, / a <<- g) = (gef, a) (e, f,g £ H y , a G H) . 

Here and for the remainder of this article, ( . , . ) : H v x H —} R denotes the evaluation 
pairing. 

5. Frobenius Hopf algebras over commutative rings 



5.1. The following result is due to Larson-Sweedler [ 16], Pareigis [22], and Oberst-Schneider 

eh. 

Theorem 10. (a) The antipode S is bijective. Consequently, fL = 

(b) H is a Frobenius R-algebra if and only if = R. This always holds if Pic R = 1. 
Furthermore, if H is Frobenius then so is the dual algebra H v . 

(c) Assume that H is Frobenius. Then H is symmetric if and only if 

(i) H is unimodular (i.e., j l R = f^), and 

(ii) S 2 is an inner automorphism of H. 

Proof. Part (a) is ll22l Proposition 4] and (c) is lf2Tl 3.3(2)]. For necessity of the condition 
= R in (b), in the more general context of augmented Frobenius algebras, see Section |4~T1 
Conversely, if f H = R holds then ll22l Theorem 1] asserts that the dual algebra H v is Frobe- 
nius. This forces f^ v to be free of rank 1 over R, and hence H is Frobenius by ll22l Theorem 
1]. The statement about Pici? = 1 is a consequence of the fact that the i?-module j r H is 
invertible (i.e., locally free of rank 1) for any finitely generated projective Hopf i?-algebra H; 
see [22l Proposition 3]. □ 



5.2. We spell out some of the data associated with a Frobenius Hopf algebra H referring the 
reader to the aforementioned references [16], |[22l . 11211 for complete details. 

Fix a generator A G JL . There is a unique A G jL y satisfying A A = e or, equivalently, 

(A, A) = 1. Note that this equation implies that J l HV = RX, because J*„ v is an invertible 
i?-module. A nonsingular associative bilinear form (3 = (3\ for H is given by 

(3(a, b) = (A, ab) (a,b G H) . (26) 

Dual bases {xj}, {yi} for (3 are given by ]T Xi <g) y\ = Yl ^2 ® <5(Ai): 

a = ^2(X,aS(A 1 ))A2 = ^2(X,A 2 a)S(A 1 ) (a G H) . (27) 
By lfl6l p. 83], the form (3 is orthogonal for the right action ^— of H v on H : 

P(a,b^f) = P(a^S v (f),b) (a,b£HJ £ H v ) , (28) 
where 5 V = . o S is the antipode of H v . 
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5.3. By (l27l ) the Casimir operator has the form 

c = c A : H -t Z(H) , a^^S{A 1 )aA 2 . 

In particular, c(l) = (e, A) G i?. Therefore, equality holds in (|2TT ): 

Bim e H=(sJ r H ) = (eJ l H ) = c(H)nR. (29) 

Proposition [6]now gives the following classical result of Larson and S weedier ifToll . 

Corollary 11. 77je separability locus of a Frobenius Hopf algebra H over R is 

Specif V(Dim e H) . 

In particular, H is separable if and only if (e, A) = lfor some right or left integral A G H. 

The equality (e, A) = 1 implies that A is an idempotent two-sided integral such that f„ = 
jL = RA, because and f H are invertible i?-modules. 

5.4. Let H be a Frobenius Hopf algebra over R, and let A € and A £ J^ v be as in l5.2[ 
so (A, A) = 1. The isomorphisms rp and lp in (@]) and © for the the bilinear form /3 = f3 x in 
(l26l ) will now be denoted by r x and l x , respectively: 

r x :H H ^H v H , a m- (/3(a, . ) = A - a) , 

l x : H H^ H H v , a ^(/3(.,a)=a-A). 

Equation (128T ) states that 

r A (a-5 v (/)) = /r A (a) and i A (a - /) = S v (f)l x (a) . (31) 

for a £ H, f £ H y . Since r A (A) = e is the identity of H v , we obtain the following 
expression for the inverse of r x : 

r?:H%^m H , /^(A-5 V (/)). (32) 

5.5. In contrast with the Frobenius property, symmetry does not generally pass from H to 
H v ; see ifTTl 2.5]. We will call H bi-symmetric if both H and H v are symmetric. 

Lemma 12. Assume that H is Frobenius and fix integrals A G |^ and A € f HV such that 
(A, A) = 1, as in Sections \5.2\ 15.41 Then: 

(a) If H is involutory (i.e., S 2 = 1) then the regular character Xreg of H is given by 
Xrcg = (e, A)A. 

(b) H is symmetric and involutory if and only if H is unimodular and all left and right 
integrals in H v belong to H^ r&cc . 

(c) Let H be separable and involutory. Then H is bi-symmetric. Furthermore, 

f H v = R Xreg and Dim u v H v = (rankfj H) , 
where u v = ( . , 1) the counit ofH v . 
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Proof, (a) Equations d), d26]) and ([27]), with z = Y,i x iVi = E A 2 <S(Ai) = (e,A) (using 
S 2 = 1), give xreg = (A, . z) = {e, A) A . 

(b) First assume that H is symmetric and involutory. Then H is unimodular by Theo- 
rem [TOtc). By ||2T1 3.3(1)] we further know that the Nakayama automorphism of H is equal 
to <S 2 , and hence it is the identity. Thus, A a = a — ^ A for all a S H, which says that A is 
a trace form. Hence, J^ v C H y r . ACC . Since H^. ace is stable under the antipode 5 V of H y , it 
also contains J^ v . The converse follows by retracing these steps. 

(c) Now let H be separable and involutory. By Corollary [TTJ and the subsequent remark, H 
is unimodular and we may choose Ae/ H such that (e, A) = 1. Part (a) gives = R x re g ■ 
The computation 

(<S v (Xrc g ),a) = Tt(5(o)a) = Tr(«S o^oo5 _1 ) = Tr( A a) = (xre g ,a) 

113) 

for a G A shows that 5 v (xreg) = Xreg- Therefore, we also have J^ v = i?Xrcg- In view 
of Theorem [TOl c). this shows that H is bi-symmetric. Finally, since (xreg, 1) = rankftif , 
equation (l29l ) yields Dim„v H v = (rank/? H). □ 



As was observed in the proof of (b), the maps r\ and l\ in (1301 ) coincide if and only if A is 
a trace form. In this case, we will denote the (H, //)-bimodule isomorphism r\ = l\ by b\: 

b x : H H H ^ hH v h , a^(A^a = a^A). (33) 

We also remark that the formula Dim u v H v = (rank/? H) in (c) is a special case of the 
following formula which holds for any involutory H ; see ||2T1 3.6]: 

Dim e H • Dim u v H v = (rank K H) . (34) 

5.6. We let 

C(H) = {a e H \ £>i <g> a 2 = £> 2 ® ai} 

denote the i?-subalgebra of H consisting of all cocommutative elements. Thus, C(H V ) = 
H y racc . Recall from Lemma \V2\ b) that all integrals in H v are cocommutative if H is sym- 
metric and involutory. 

Lemma 13. Let H be bi-symmetric and involutory. Fix a generator A 6 J HV . Then the 
(H, H)-bimodule isomorphism b\ in (1331 ) restricts to an isomorphisms 

Z(H) tf t v race and C(H) Z(H V ) . 

Proof. The isomorphism Z(H) ^> -f^trace = C(H V ) is (0). By the same token, fixing a 
(necessarily cocommutative) generator A G f H such that (A, A) = 1, we obtain that b\ is 
an (H v , .ff v )-bimodule isomorphism H v H vv = H that restricts to an isomorphism 
Z(H y ) C(H). By equation 02) we have 

b A (5 v (/)) = ^ 1 (/) (35) 

for / € H y . Since Z{H y ) is stable under the antipode S y of H y , we conclude that b^ 
restricts to an isomorphism Z(H V ) C(H), and hence b\ restricts to an isomorphism 

C(H) Z{H y ). □ 
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5.7. Turning to modules now, we review some standard constructions and facts. For any two 
left //-modules M and JV, the tensor product M <8>r N becomes an //-module via A , and 
Hom#(M, N) carries the following //-module structure: 

(atp)(m) = anp(S{a2)m) 

for a G H, m G M,tp G Honifj(M, JV) . In particular, viewing R as //-module via e, the 
//-action on the dual M v = Hom/j(M, /?) takes the following form: 

(af,m) = (f,S(a)m) 

for a G H, m G M, / G M v . The //-invariants in Hom/j(M, JV) are exactly the //-module 
maps: 

Hom K (M, N) H = {ipe Hom i? (M, N) \ aip = (e, a)<p Va G ^4} = Hom^ (M, JV) ; 
see, e.g., |[28l Lemma 1]. Moreover, it is easily checked that the canonical map 

N ® R M v ->■ Rom R (M, JV) , n8/i-f (m4(/, m)n) 

is a homomorphism of //-modules. This map is an isomorphism if M or JV is finitely gener- 
ated projective over R; see (2} II.4.2]. 

Finally, we consider the trace map Tr : End jR (M) = M ® R M v ->• /? of Section O 

Lemma 14. Le? // be involutory and let M be a left H -module that is finitely generated 
generated projective over R. Then the trace map Tr is an H -module map. 

Proof. In view of the foregoing, it suffices to check //-equivariance of the evaluation map 
M ® R M V ->• R. Using the identity £<S(a 2 )ai = (e,a) for a G H (from <S 2 = 1), we 
compute 

a • (m <8) /) = ^aim ® a 2 / ^ ^(a 2 /,Oim) = ^(/,<S(a 2 )aim) = (e,a){f,m) , 
as desired. 

□ 

5.8. We now focus on modules over a separable involutory Hopf algebra H. In particular, 
we will compute the image of the central idempotents e(M) from Proposition 0] under the 
isomorphism Z{H) Z/ t ^ acc in Lemma [T3l and the /3-index [// : M]« of (fTTT ). Recall that 
// is bi-symmetric by Lemma [T2l c). 

Proposition 15. Assume that H is separable and involutory. Fix AG j H , A G J^ v smc/z f/ia? 
(A, A) = 1 and let (3 denote the form (1261 ) . Then, for every cyclic left H -module M that is 
finitely generated projective over R and satisfies End#(M) = R, 

(a) rank^j M is invertible in R ; 

(b) [H : M\p = (e, A)(rank fl M) _1 jj invertible in R; 

(c) 6a(c(M)) = [H : M]7 xm- In particular, b\(e(M)) = (rank^ M) xm holds for 

A = Xreg • 

Proof, (a) Our hypothesis End# (M) = R implies that M is faithful as /^-module. Hence, 
the trace map Tr: End R (M) = M ® R JV/ V R is surjective by ©, and it is is an H- 
module map by Lemma O Moreover, for each tp G Endij(M), we have Aip = t^Ym for 
some r v G R, since AEnd R (M) C End# (M) = R. Therefore, Tv(Aip) = r^rank^M 
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and Tr(Aip) = AT¥(y>) = (e, A) Tr(^) . Choosing ip with Tr(ip) = 1, we obtain from 
Corollary QT] that Tr(Atp) is a unit in R. Hence so is rank?? M, proving (a). 

(b) By Propositions HJc) and[5ja), we have 

um(z) rankijM = [H : M]p (rank^M) 2 , 

where z = ^ %iVi = (z, A) is as in the proof of Lemma [T2r a). In view on part (a), the above 
equality amounts to the asserted formula for [H : M]p . Finally, invertibility of [H : M]p is 
Proposition @Ia) (and it also follows from Corollary fTTT). 

(c) Proposition [3b) gives Xreg e(M) = (rankfj M)xm , which is the asserted formula 
for b\(e(M)) with A = Xreg • For general A, we have (e, A)b\(e(M)) = Xreg e(M) by 
Lemma [121 a). The formula for b\(e(M)) now follows from (b). □ 

5.9. Assume that, for some subring S C R, there is an 5-subalgebra B C H such that 

(i) B is finitely generated as S'-module, and 

(ii) {{S (g) l H ) o A) (A) = X] «S(Ai) ®A 2 £ H ® H belongs to the image of B ® s B in 
H®H. 

Adapting the teminology of Section [231 we will call A a weak R-form of (H, A). The follow- 
ing corollary is a consequence of Proposition [T5T b) and Lemma [3l it is due to Rumynin [24 J 
over fields of characteristic 0. 

Corollary 16. Let H be separable and involutory. Assume that, for some generating integral 
A 6 J H , there is a weak S-form for (H, A) for some subring S C R. Then, for every left 
H -module M that is finitely generated projective over R and satisfies End#(M) = R, the 
index [H : M\p = (e, A)(rank^ M)~ l is integral over S. 

Example 17. The group algebra RG of a finite group G has generating (right and left) integral 
A = X^eG 9- ^ ne corres P on ding integral A G J( R qw with (A, A) = 1 is the trace form given 
by (\,J2 geG r g g) = r\. Note that (e, A) = \G\ 1. Thus, Corollary [TT1 tells us that RG is 
semisimple if and only if \G\ 1 is a unit in R; this is Maschke's classical theorem. Assuming 
char R = 0, a weak Z-form for (RG, A) is given by the integral group ring B = ZG. 
Therefore, Corollary [16] yields the following version of Frobenius' Theorem: The rank of 
every i?-free i?G-module M such that End/jc (Af ) = R divides the order of G. 

6. Grothendieck rings of semisimple Hopf algebras 

From now on, we will focus on the case where R = k is a field. Throughout, we will assume 
that H is a split semisimple Hopf algebra over Ik. In particular, H is finite-dimensional over D< 
and hence Frobenius. We will write (8> = <8>b< and Ik-linear duals will now be denoted by ( . )*. 
Finally, Irr H will denote a full set of non-isomorphic irreducible //-modules. 

6.1. The Grothendieck ring. We review some standard material; for details, see ITTtTI . 

6.1.1. The Grothendieck ring Gq(H) of H is the abelian group that is generated by the 
isomorphism classes [V] of finite-dimensional left //-modules V modulo the relations [V] = 
[U] + [W] for each short exact sequence Multiplication in G (H) 
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is given by [V] ■ [W] = [V ® W] . The subset {[V] \ V € Irr H} C G (#) forms a Z-basis 
of Go(H), and the positive cone 

G (# )+ := Z+[V] = {[V] | Va finite-dimensional F-module} 

V Glrr 

is closed under multiplication. The Grothendieck ring Gq(H) has the dimension augmenta- 
tion, 

dim : G (H) ->• Z , [V] i-> dim k F , 
and an involution given by [V]* = [V*], where the dual V* = Hom^V, Ik) has ff-action as 
in Section 15771 The basis {[V] | V € Irr H} is stable under the involution * , and hence so is 
the positive cone Gq(H) + . 

6.1.2. The Grothendieck ring Gq{H) is a symmetric *-algebra over Z. A suitable bilinear 
form /3 is given by 

P([V},[W}) = dim k Kom H (V,W*). (36) 
Using the standard isomorphism (W (g) V*) H = Honif/(V, W), where (.) H denotes the 
space of i7-invariants, this form is easily seen to be Z-bilinear, associative, symmetric, and 
*-invariant. Dual Z-bases of G (H) are provided by {[V] \ V £ Irr H} and {[V*] \ V G 
Irr H}: 

(3({V'},[V*]) = 5 [V , UV] (V,V'ehTH). 

The integral in Gq(H) that is associated to the dimension augmentation of Go(H) as in 
Section ^4. H is the class [H] of the regular representation of H: /3([H], [V]) = dim^ V. Thus, 

!g (H) =nH\- (37) 

6.1.3. The, character map 

X :Go(H)^H*, [V]^ X v 
is a ring homomorphism that respects augmentations: 

G (#)— H* 



dim 



k 



Moreover, 

Xv* = s*{xv) = XV °s . 

Thus, if H is involutory then x a l so commutes with the standard involutions on Gq{H) and 
H*. The class of the regular representation [H] £ Jq ^h) * s ma PP e d to the regular character 
Xrcg £ H*. If H is involutory then Xrcg is a nonzero integral of H*; see LemmaQJ] Thus, in 
this case, we have 

MJooOff)) = kXre s = Sh* ■ 

6.1.4. The Ik-algebra R(H) := Go(H) ®z Ik is called the representation algebra of H. The 
map [V] (g> 1 i->- gives an algebra embedding R(H ) «-»■ iT* whose image is the subalgebra 
H* race = (H/[H, H})* of all trace forms on H: 

R{H) ^ i? t * race C H* . 
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6.2. As an application of Proposition [T5l we prove the following elegant generalization of 
Frobenius' Theorem (see Example flTT) in characteristic due to S. Zhu ll27l Theorem 8]. 

Theorem 18. Let H be a split semisimple Hopf algebra over afield k of characteristic and 
let V E Irr H be such that xv £ Z(H*). Then dim k V divides dim k H. 

Proof. By |[T5l Theorem 4] H is involutory and cosemisimple. Let A E C(H) denote the 
character of the regular representation of H* ; this is an integral of H by Lemma [12] and, 
clearly, (e, A) = dim^ H. Let A E be such that (A, A) = 1 and consider the isomorphism 
b x : H H H ^ H H V H in & By Proposition [BJ we have b x (e(V)) = xv and © 

gives 

^e(F) = 6 A(< S*( X v)). 
dim^ 1/ 

Therefore, it suffices to show that 6a(<?*(xv)) is integral over Z. 

By hypothesis, S*(xv) £ Z(H*). Furthermore, <S*(xv) E x(Gq(H)) is integral over 
Z. Hence <S*(xv) G Z(H*) cl , the integral closure of Z in Z(H*). Passing to an al- 
gebraic closure of Ik, as we may, we can assume that H* and Z{H*) are split semisim- 
pie. Thus, Z{H*) = ® M& „ H *ke{M) and Z(H*) d = © MeIrrif * Oe(M), where we 
have put O := {algebraic integers in Ik}. Proposition [T5lc), with H* in place of H, gives 
6 A (e(M)) = (dim k M) XM - Thus, 

b A (Z(H*f) C x(G (^*))O C C(H) . 

Finally, all elements of Gq(H*) are integral over Z, and hence the same holds for the elements 
of x(Gq(H*))0. In particular, &a(5* (xv)) is integral over Z, as desired. □ 

6.3. The class equation. We now derive the celebrated class equation, due to Kac [12, The- 
orem 2] and Zhu [28, Theorem 1], from Proposition 0] Frobenius' Theorem (Example flTT) in 
characteristic also follows from this result applied to H = (kG)*. We also mentioned here 
that the class equation was used by Schneider in ll25ll to prove the following strong version 
of the Frobenius property for quasitriangular semisimple Hopf algebras H over a field Ik of 
characteristic 0: if V is an absolutely irreducible if -module, then (dim^ V) 2 divides dim^ H. 

Theorem 19 (Class equation). Let H be a split semisimple Hopf algebra over a field Ik of 
characteristic 0. Then d\m^(H* ®Mm M) divides dim^ H* for every absolutely irreducible 
R(H)-module M. 

Proof. Inasmuch as R(H) is semisimple by Corollary |9l we have M = R(H)e for some 
idempotent e = e 2 E R(H) with eR(H)e = k. Thus, H* ®r( H ) m - H*e and the assertion 
of the theorem is equivalent to the statement that dim^ H*e divides dim^ H*. 

The bilinear form /3 in ([36]> can be written as p ( [V ], [W]) = r([V] [W]), where r : G (H) -> 
Z is the trace form given by 

T([V]) = dim k V H . 

Now let A E f H denote the regular character of the dual Hopf algebra H*, as in the proof of 
Theorem [18] Thus, 

(e,A) = dim k eH* = dim k H*e. (38) 
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Being an integral of H, A annihilates all V £ Irr H \ {k £ } and so (xv, A) = 0. On the other 
hand, (xk E , A) = (e, A) = dim^ iP. This shows that A\ R( ^ H ^ = dim^ H* ■ t', where we have 
put t' = t (g>z Idk : R(H) — > k. Therefore, (|38T > becomes 



r'(e) 



dim^ H*e 



dim^ * 

Now, r'(e) = /3'(e, 1), where (3' = f3 (g>z Id^, and by Proposition @Ia), we have /3'( e > I) -1 = 
[R(H) : M]^. Thus, 

[R(H) : M]« = dlm °<^ = . (39) 

Finally, Lemma [3] with A = Gq{H) and A' = R(H) tells us that this rational number is 
integral over Z. Hence it is an integer, proving the theorem. □ 

6.4. The adjoint class. 

6.4.1. The adjoint representation. The left adjoint representation of H is given by 

ad: H — >End k H, &&(h){k) = ^h 1 kS{h 2 ) 
for h, k E ff. There is an //-isomorphism 

#ad= F®^*. (40) 
V&rrH 

This follows from standard //-isomorphism V (g>V* = End^V) (see Section I577T ) combined 
with the Artin-Wedderburn isomorphism, H = ©y e i rr # End[ < (V), which is equivariant for 
the adjoint //-action on H. 



6.4.2. The adjoint class. Equation (1401) gives the following description of the Casimir element 
z = zp of the symmetric Z-algebra Gq{H): 

z= Yl [V][V*} = [H ad ]eZ(G (H)). (41) 

V&rrH 

Therefore, we will refer to the Casimir element z as the adjoint class of H. 

We now consider the left regular action of z on Gq(H), that is, the endomorphism z G( ^ H ^ E 
Endz(Go(i^)) that is given by 

Z G (H) : Gq(H) -> Gq{H) , X^f ZX . 

By Proposition [U we know that the eigenvalues of Zq q <jj\ are positive real algebraic integers 
and that the largest eigenvalue is dim(z) = dim^ H. The following proposition gives more 
precise information; the result was obtained by Sommerhauser |[26l 3.11] using a different 
method. 

Proposition 20. Let H be a split semisimple Hopf algebra over afield k of characteristic 0. 
Then the eigenvalues of Zq q (h) are positive integers < dim^ H. IfGo(H) or H is commuta- 
tive then all eigenvalues of Zq q ch) divide dim^ H. 
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Proof. We may pass to the algebraic closure of Ik; this changes neither Gq(H) nor z. Then 
the representation algebra R(H) = Go(H) <8>z D< is split semisimple by Corollary |9l Since 
z 6 Z(R(H)), the eigenvalues of Zg (h) 316 exactly the € Ik, where M runs over the 

irreducible R(H) -modules and ojm denotes the central character of M as in 12.41 We know by 
Propositions |Hc) and[5ta) and equation (l39l that 

ojm{z) = dim k M ■ — — — — , 

dim k (H* ® R{H) M) 

and this is a positive integer by Theorem [19] Since M C H* ®r(h) M, we have ujm(z) — 
dim^i^. If Gq{H) is commutative then dim^M = 1, and hence lom(z) divides dim k H. 
If H is commutative then R(H) = H* , and so ujm{z) = dim^il. (Alternatively, if H is 
commutative then H ad = kf m »< H and z = [H ad ] = (dim k H)l .) □ 

We mention that the Grothendieck ring Gq(H) is commutative whenever the Hopf algebra 
H is almost commutative. In particular, this holds for all quasi-triangular Hopf algebras; see 
Montgomery (20l Section 10.1]. 



Example 21. Let H = kG be the group algebra of the finite group G over a splitting field Ik 
of characteristic 0. The representation algebra R(H) = ©y e i rr # k\v Q H* is isomorphic 
to the algebra of Ik-valued class functions on G, that is, functions G — > k that are constant on 
conjugacy classes of G. For any finite-dimensional IkG-module V, the character values xv{g) 
(g G G) are the eigenvalues of the endomorphisms [V]g (#) € End? (Go (H)). Specializing 
to the adjoint representation V = -ff a d we obtain the eigenvalues of Zg (h)' they w& the 
integers XH ad (a) = \Cc{g)\ with g € G. 

6.5. The semisimple locus of Gq(H). Let H be a split semisimple Hopf algebra over a field 
k. Recall that Go(H) ®i Q is semisimple by Corollary |9l We will now describe the primes p 
for which the algebra Go (H) (g>z ¥ p is semisimple. 

Proposition 22. Let H be a split semisimple Hopf algebra over a field k. Then: 

(a) Ifp divides dim k H then Gq{H) <S)z F p is not semisimple. 

(b) Assume that char D< = 0. Then Go(H) (g>z F p is semisimple for all p > dim^ H. 

(c) Assume that char Ik = and that Gq(H) or H is commutative. Then Gq{H) ®i ¥ p is 
semisimple if and only ifp does not divide dim k H. 

Proof. Semisimplicity is equivalent to separability over ¥ p ; see ll23l 10.7 Corollary b]. There- 
fore, we may apply Proposition [6] In detail, consider the Casimir operator that is associated 
with the bilinear form j3 of Section 16.1.21 



c: G (H) ^ Z(G (H)) , V [V*]x[V\. 



V&rrH 



By Proposition |6) Gq(H) ®z Fp is semisimple if and only if (p) Z n Imc. 

(a) Consider the dimension augmentation dim: Gq(H) — > Z, [V] h-> dim^ V. The com- 
posite dim oc is equal to dim^ H ■ dim . Hence, Zfllmc C Im(dim oc) C (dim^ H) holds 
in Z, which implies (a). 

(b) In view of Proposition |20j our hypothesis on p implies that the norm N(z) = det zq ^h) 
is not divisible by p. Since z = c(l), it follows that (p) ^ iV(Im c), and hence (p) ^ Znlm c; 
see Section [3~4l 
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(c) Necessity of the condition on p follows from (a) and sufficiency follows from Proposi- 
tion[20]as in (b). □ 

6.6. Traces of group-like elements. Let H be a split semisimple Hopf algebra over a field Ik 
and let Xad £ R(H) Q H* denote the character of the adjoint representation. Equation (|4TT) 
gives 

Xad = ^2 XV* XV ■ 
VGlrr H 

Proposition 23. Let H be a split semisimple Hopf algebra over afield k If R(H) is semisim- 
ple then Xad(g) 7^ 0/or every group-like element g € H. 

Proof. By Proposition [6j semisimplicity of R(H) is equivalent to surjectivity of the Casimir 
operator c: R{H) -> Z{R{H)), x ^ HveiwH Xv*XXv- Fixing x with Y,v Xv*XXv = 1 
we obtain 

i = ^ J xv*{g)x{g)xv{g) = x(g)xad(g) , 
v 

which shows that Xad(ff) 7^ 0. □ 
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